Solutions, Final Exam Simulation, May 23th 2018 by Mingione, Emanuele
1. Compute the following limit
lim
x→0
sinx
√
1
x2 + x
.
Solution: √
1
x2 + x
=
1
|x|
√
1
1 + 1x
Since limx→0± sin x|x| = ±1 and limx→0
√
1
1 + 1x
= 0 then
lim
x→0
sinx
√
1
x2 + x
= lim
x→0
sinx
|x| limx→0
√
1
1 + 1x
= 0
2. Find the solution y(t) of the Cauchy problem
y′′ + 4y′ + y = 0
y′(0) = 2
y(0) = 0
.
and then compute limx→+∞ y(x).
Solution: the characteristic equation is
λ2 + 4λ+ 1 = 0→ λ = −2±
√
3
Then a general solution is of the type
y(x) = C1e
−2+√3 + C2e−2−
√
3
The initial conditions gives C1 = − 1√3 and C2 = 1√3 . Then
lim
x→+∞ y(x) = 0
3. Consider the function f(x) = log(x2 + 1). Find the domain, the sign, the asymptotes, maximum and
minimum points, inflection points and sketch the graph.
Solution: Domain = R, Range = R+, increasing for x > 0,decreasing for x < 0 Minimum at x = 0,
Inflection points x = ±1
4. Given the following vectors in R3: ~a =
 10
1
 , ~b =
 02
0
 and ~c =
 01
1
. Find the angles between
all the pairs of these vectors, the area of the parallelogram spanned by ~a and ~b and the volume of the
parallelepiped spanned by ~a, ~b and ~c.
Solution:
|~a| =
√
2, |~b| = 2, |~c| =
√
2
and
~a ·~b = 0, ~a · ~c = 1, ~b · ~c = 2
Then
cos θ(~a,~b) = 0, cos θ(~a,~c) =
1
2
√
2
, cos θ(~b,~c) =
1√
2
The area A of the parallelogram spanned ~a and ~b is given by A = |~a×~b|.
~a×~b =
−20
2

Then
|~a×~b| = 2
√
(2)
The volume V of the parallepiped spanned ~a, ~b and ~c is given by V = |(~a×~b) · ~c|. Now
(~a×~b) · ~c =
−20
2
 ·
01
1
 = 2
and then V = 2.
5. Using the inverse matrix method, solve the following linear system
x− 4y = 6
2x+ y − z = −3
x+ 2y − z = 0
.
Solution: x = −6, y = −3, z = −12
6. Find the eigenvalues and eigenvectors of the matrix A =
(
2 −1
−2 0
)
.
Solution: Eigenvalues λ1 = 1 +
√
3 λ2 = 1−
√
3
Eigenvectors
~v1 = (
1
2
(−1−
√
(3)), 1), ~v2 = (
1
2
(−1 +
√
(3)), 1)
7. Consider the function
f(x, y) = xy +
1
3
x3 − 2y2
Compute its gradient and its Hessian matrix. Classify its critical points.
Solution: The gradient of the function is
∇f =
(
x2 + y
x− 4y
)
while the Hessian matrix
H =
(
2x 1
1 −4
)
The are two critical points given by
∇f = ~0→ (x, y) = (0, 0)or(x, y) = (−1/4,−1/16)
where (0, 0) is a saddle point while (−1/4,−1/16) is a maximum.
8. Consider the functions
f(x, y) = x2 + y2 − xy , g(x, y) = x+ y − 1 .
Use the method of Lagrange Multipliers to find the minimum of f subject to the constraint g(x, y) = 0.
Solution: The Lagrangian function is
L(x, y, λ) = x2 + y2 − xy + λ(x+ y − 1)
Then
∇L =
2x− y + λ2y − x+ λ
x+ y − 1

The condition ∇L = ~0 implies that
x = 1/2, y = 1/2, λ = 0
9. Consider a fair dice with 4 faces and roll it twice independently . Let us denote by A the event ”the
first result is a divisor of 5” and B the event ”the sum gives 4”. Are A and B independent events?
Justify your answer.
Solution: the probability space is determined by
Ω = {(1, 1), (1, 2), (2, 1), . . . , (4, 4)} and p(ω) = 1/16, ∀ω ∈ Ω
A = {(1, 1), (1, 2), (1, 3), (1, 4)} → P (A) = 4/16 = 1/4
B = {(1, 3), (3, 1), (2, 2)} → P (B) = 3/16
A ∩B = {(1, 3)} → P (A ∩B) = 1
16
the A and B are not independent events.
10. Consider the probability space of the above exercise. Let X be a random variable which takes value
20 if the sum of the two results is 5, −30 if the sum of the two results is 3 and 10 otherwise. Compute
the expected value of X and variance of X.
Solution: in general the expected value of a random variable X is
E(X) =
∑
ω∈Ω
p(ω)X(ω)
Now consider the events
A ”the sum of the two results is 5”, B ”the sum of the two results is 3” then
A = {(2, 3), (3, 2), (1, 4), (4, 1)}
B = {(1, 2), (2, 1)}
By definition the random variable X satisfies
X(ω) =

20 ω ∈ A
−30 ω ∈ B
10 otherwise
and then since p(ω) = 116 for all ω ∈ Ω we have that
E(X) =
1
16
(20 · 4− 30 · 2 + 10 · 10) = 15
2
In general the variance of a random variable X is given by
V ar(X) = E(X2)− E(X)2
The random variable X2 satisfies
X2(ω) =

400 ω ∈ A
900 ω ∈ B
100 otherwise
and then
E(X2) =
1
16
(400 · 4 + 900 · 2 + 100 · 10) = 275
Hence the variance is
V ar(X) = 275− (15/2)2 = 875/4
